We compute the one-loop corrections to the tachyon potentials in both, bosonic and supersymmetric, cases by worldsheet methods. In the process, we also get some insight on tachyon condensation from the viewpoint of closed string modes and show that there is an instability due to the closed string tachyon in the bosonic case.
Introduction
It is a big problem to better understand the vacuum structure of string/M theory. Even in the case of bosonic string theory which contains the tachyon near its perturbative vacuum, it turned out not to be a simple deal to find a stable vacuum. Note that hopes for the existence of such a vacuum have their origins already in the seventies [1] . However, for open strings a real breakthrough has been achieved in recent years when the open string tachyons were related with annihilation or decay of D-branes via the process of tachyon condensation [2] (see [3] for a review and a list of references).
In studying the phenomenon of tachyon condensation, string field theory methods are the most appropriate ones (see [4] for the latest developments). However, in practice it turns out to be very hard to deal with them. This was a motivation for finding simpler methods, for example toy models [5] , that can allow one to get some intuition on the physics of the phenomenon. Recently, it was realized that the background independent open string field theory (BIOSFT) of Witten [6] is a powerful tool to attack the problem. In particular, it allows one to compute the tree level effective tachyon potentials [7, 8, 9] which amusingly coincide with the potentials found from the toy models based on the exactly solvable Schrödinger problem [5] .
The background independent open string field theory is based on the Batalin-Vilkovisky formalism [10] whose master equation provides the effective action of the theory. In the bosonic case, the classical master equation gives a solution [6] 
where Z 0 is the renormalized partition function of the underlying two-dimensional theory defined on the unit disk in the complex plane in such a way that it is a free theory in the bulk but an interacting theory on the boundary. So, the g i stand for coupling constants of boundary interactions and β i for their RG β-functions.
In the supersymmetric case 1 , the solution of the classical master equation is simply [11] S 0 = Z 0 . (1.2)
As we have already mentioned, it is very simple to compute the tree level effective tachyon potentials from formulae (1.1) and (1.2). However, to investigate the vacuum structure of the theory, it is necessary to have information about quantum corrections to the potentials. Unfortunately, the quantum master equation which is a proper machinery is still missing for the BIOSFT. The main problem here is a poor understanding of the space of boundary interactions of the underlying two-dimensional theory.
However, we think that there are enough tools at our disposal to shed some light onto the problem of interest. Indeed, having the tree level effective actions, we can evaluate the loop corrections to the tachyon potentials by using ordinary field theory methods. On the other hand, following the BIOSFT, we can also compute partition functions of open strings in the presence of a non-zero tachyon background on Riemann surfaces which correspond to string loops. In general, the appearance of these surfaces is not surprising as the effective action has to reduce to the partition function on-shell. In doing so, the comparison with the field theory results is crucial. Then we need to suggest how the loop effective actions are expressed in terms of the partition functions. At the present time is not known whether the situation may be taken under control. So we are bound to learn something if we succeed. In what follows, we will restrict ourselves to the one-loop approximation that significantly simplifies the problem. Thus we will consider the partition functions on Riemann surfaces of zero genus in the presence of a constant tachyon background.
We should also mention that there have been attempts to generalize the tree level machinery of the BIOSFT to next order [12, 13] 2 . However, they did not discuss the consistency with the field theory results. As a consequence, it has not become completely clear whether tachyon condensation described by the BIOSFT leads to the strong coupling regime as the field theory results assume or not 3 .
The outline of the paper is as follows. We start in section 2 by directly evaluating the one-loop corrections to the tachyon potentials based on the toy field theory models as well as the tree level actions provided by the BIOSFT. We do so for both cases, the bosonic and supersymmetric ones. We continue to pursue our program in section 3 by evaluating the partition functions of open strings with a constant tachyon background on Riemann surfaces of zero genus. In doing so, the comparison with the field theory results is crucial. In section 4, we define the effective action via the partition function and find the one-loop corrections to the tree level tachyon potentials. We will also discuss the phenomenon of tachyon condensation as it is seen by closed strings. The picture that emerges seems quite curious as in terms of closed strings, tachyon condensation looks like the splitting of an original D-brane into two copies which are running apart while the tachyon is rolling down to the local minimum. Section 5 will present our conclusions and directions for future work. In the appendix we give some technical details which are relevant for our discussion in sections 3 and 4.
Effective Field Theory Analysis
The goal of the present section is to evaluate the one-loop corrections to the tree level potentials based on some field theory models of unstable branes. Our discussion in this section is elementary. We begin with the bosonic string.
Toy Models for D-branes of Bosonic String Theory
The field theory model of [5] as well as the p → 1 limit of the tree level effective action of the tachyon field in p-adic string theory [7] lead to the following action on the unstable bosonic brane
From now, we use the Minkowski metric on the D-brane. Thus, the metric for the transverse directions is always euclidean. A formal evaluation of the one-loop correction to the potential results in 4
The second term is a normalization, so m 2 0 equals −1/α ′ or ∞. P (Φ c ) stands for possible counterterms which are fixed by the renormalization conditions. So far we have just given a model which could be used in principle as a toy model for tachyon condensation. However, it suffers from some drawbacks: for example, it does not reproduces the descent relations for brane tensions. Because of this, let us consider the effective action that comes out from the background independent open string field theory [6] . Restricting to ∂ 2 order, the action of the tachyon field on the bosonic Dp-brane takes the form [7, 8] 4) where T p is the tension of the D p -brane and p = d − 1. We also include a constant factor of the dilaton. So, φ c means its vacuum expectation value. Note also that modulo a numerical coefficient in front of the kinetic term, one can get one model from the other by a relation Φ = e
T . Like in the previous case, the one-loop correction to the potential can be written in the form (2.2) but now with
As we see, the tachyon mass near the open string perturbative vacuum (T = 0) differs from its correct value. This may sound like a problem, but in fact it is not, because the expansion in ∂ as it is used in Eq.(2.4) fails near this vacuum. So one has to use the expansion in T or, alternatively, to take into account higher derivative terms [8] . It is clear that the one-loop correction to the potential receives contributions from such terms, so our result (2.5) will receive corrections too. According to the results of [8] , the tachyon mass near the open string perturbative vacuum is finally getting corrected in a proper way. Since in both cases we have the same dependence on the background field (modulo a field redefinition), it is natural to assume that the right hand side of Eq.(2.5) is only corrected by −1/2α ′ . Now we will make some remarks about these models: (i) In the problem of interest the perturbation theory coupling constant is given by
that allows one to say that the theory is getting strongly coupled near the vacuum T = ∞ (see, e.g., [15] and refs. therein). By mapping the field T into Φ as Φ ∼ e T , there seems to be no way to "escape" the strong coupling regime in the vicinity of this vacuum without coming back to p-adic string theory with a general parameter p.
(ii) It immediately follows from (2.6) that we can trust our one-loop estimation at least for a range 5
(iii) Since the field theory analysis makes no sense for d = 0, we do not consider D-instantons but only comment on them in section 5.
Toy Models for Unstable D-branes of Superstring Theory
Now we want to briefly discuss what the field theory actions of unstable D-brane in superstring theory look like. We consider a generic case, with the worldvolume of a brane parameterized by x 1 , . . . , x d . Thus, we assume that the even and odd d's are referred to type IIA and IIB, respectively. The field theory model of [5] is given by
where 'erf' stands for the error function: erf(x) = 2 √ π x 0 dz e −z 2 . The one-loop correction to the potential is given by (2.2) with the effective mass
On the other hand, the background independent open string field theory provides the following action of the tachyon field on the unstable Dp-brane [9] 
Some Computations for Bosonic String
Before going to explicit computations, let us stress a couple of important points: (i) We will consider boundary interactions due to non-primary conformal fields, so the use of conformal maps to transform one worldsheet into another one is pointless because the transformation laws of the fields are unknown. Note that constant background fields are defined via the Taylor expansion in X of X-dependent backgrounds, as for example in the BIOSFT, so they can also transform in a non-trivial way under the maps.
(ii) It is clear that the physics in spacetime must be universal in a sense that it does not depend on whether one uses the cylinder or annulus. As we have noted in the problem of interest the use of conformal machinery is problematic, so we have to involve other principles. A related problem is that there are infinitely many non-equivalent backgrounds that makes the computation of the partition function ambiguous. To fix these problems, we propose to use a comparison with field theory results as basic principle. Indeed, given the partition function, one can in principle extract the contribution due to the tachyon from it and fix the background by comparison with the corresponding field theory result computed from the tree level effective action. As we will see shortly, this also leads to equivalent expressions for the partition functions computed for the annulus and cylinder.
Computations Using Annulus
First we would like to see what happens on a world-sheet whose geometry is an annulus. A motivation for doing so comes from the fact that the BIOSFT is defined on the disk, so it seems natural to expect that one-loop corrections come from the theory on the annulus. Moreover, there is another interesting problem which remains to be fixed: the field theory analysis results in the effective coupling constant (2.6) which assumes that the theory becomes strongly coupled due to tachyon condensation while the world-sheet analysis of [18, 8] leads to an opposite conclusion.
To proceed, we briefly recall the main points of the theory on a disk [6] . We add the boundary interaction to the standard action.
where r is the radius. In what follows, we restrict ourselves to a constant value for the tachyon background, i.e. T (X) = a. The computation of the tree level effective action along the lines of the BIOSFT is elementary. First, we define a renormalized coupling a R = ra that results in the following β-function β a R = −a R . Next, using the fact that the renormalized partition function on the disk is e −a R , we get from the formula (1.1) the same potential as in (2.4) after the identification T c = a R .
It is also straightforward to compute the partition function on the annulus whose inner and outer radii are qr and r, respectively. In this case we add two tachyon backgrounds
and restrict ourselves to constant backgrounds: T in = a in R and T out = a out R . We define renormalized couplings: a in R = ra in and a out R = ra out . Since the boundary interaction does not depend on X, the computation of the corresponding path integral is elementary. We get
where V d is the D-brane volume.
It is natural to assume that a out R coincides with the corresponding background on the disk, i.e. a out R = a R = T c . In other words, we consider the annulus as being produced from the disk by cutting a hole. Although this procedure has no influence on the background at the outer boundary, it does not say how to define the background at the new inner boundary. The later makes the partition function ambiguous. As we have already mentioned, a conformal map which maps one boundary into one another does not help as the boundary interactions are not due to the primary conformal operators and their transformation laws are unknown. To fix the background, we use the comparison with the field theory result of section 2. Up to an overall factor, the contribution due to the open string tachyon is given by
Using the fact that a R = T c , we find a in R by comparing the exponents in (3.4) and (2.2)
Finally, we get
Computations Using Cylinder
At first glance, the relation between the backgrounds on the different boundaries might seem strange. However, it is the price to pay for the unknown transformation law of the background fields under the conformal map of one boundary into another. From this point of view it seems reasonable to consider the cylindric geometry when both boundaries are apparently treated on an equal footing, so the backgrounds on them are the same. Moreover, the cylinder is a finite strip obtained by cutting from an infinite one. In doing so, one does not change the background field living on the boundaries. Thus the background is fixed at the tree level by a comparison with field theory. So, the computation of the partition function may be considered as a consistency check.
To proceed, we consider the open bosonic string on the worldsheet parameterized by coordinates (τ, σ) with a range for the spacial coordinate σ to be 0 ≤ σ ≤ π. We add the boundary interaction
to the standard action and restrict ourselves to a constant tachyon background (coupling constant) T = a in what follows. The tree level effective action is easily computed via (1.1) treated now as an ansatz. First, we introduce a scale in the problem at hand that restricts τ to |τ | ≤ r and simply rescales σ. Next, we define a renormalized coupling as a R = ra. This implies that the renormalized partition function on the strip is simply Z 0 = e −a R and the RG beta function is β a R = −r ∂ ∂r a R = −a R . Finally, a simple algebra results in the same potential as in (2.4) after the identification a R = T c .
Having fixed the background, let us now compute the partition function on the cylinder. Again, since the boundary interaction does not depend on the X's, the path integral is easily worked out. The result is given by
where η is the Dedekind eta function.
As a consistency check, we extract from Z 1 (a R ) the contribution due to the open string tachyon
A comparison with the field theory result of section 2 gives a R = T c . Here we have found the same relation between the renormalized value of the tachyon background and the classical field as at the tree level that is of course a desired result. Moreover, a simple algebra shows that the expression for the partition function we have found on the cylinder coincides with the one on the annulus. This is again a desired result. Note that we have not used the conformal map for mapping the annulus into the cylinder from the beginning. The reason for doing so is that we do not know the transformation law for the background fields. At this point a comment is in order. We should note that in the case of a constant tachyon background the representation of the partition function as a loop of open string states is much like that without any background. Indeed, one can rewrite it as 6
where
and d n is defined as the coefficient of q n in
. This representation looks like a sum of the point-particle free energies (in the Coleman-Weinberg representation) over the open string spectrum but with the masses of the particles shifted according to Eq.(3.11). It is natural to treat the particle with n = 0 as the tachyon and compare its contribution with the field theory result. In fact, the last assumes that the partition function coincides with the one-loop correction to the effective action. We will return to this point in section 4.
Partition Function Analysis
Now, let us analyze the expression for the partition function. Be reminded what happens for a R = 0: In this case the integrand has divergencies as t → ∞ or t → 0 which come from the lightest string modes. In order to see what is going on in the case of a nonzero tachyon background, we begin with t → ∞ . In studying this limit, we really need the representation of the partition function in terms of a loop of open string modes, namely Eq.(3.8) (or equivalently (3.10)). Expanding the products in e −2πt , we get
In the range (2.7) (a R = T c ), a possible divergence can only come from the leading term if the value of the background is less than its critical value a 0 = 2. It can be fixed by using the analytic continuation in a R . Indeed, evaluating the integral for a R > 2 as
and then defining it for a R < 2 via the analytic continuation (a R − 2)
we get the desired result. At this time we do not care about the last factor and the sign in e
To complete the picture, let us also evaluate the contribution of massive open string modes in Eq.(3.12). Integrating over t, we end up with the following sum
14)
It is well-known that d n rapidly grows with n that leads to a divergency. To be more precise, for n → ∞, d n is asymptotically 7
Thus, the contribution of massive open string modes is divergent and this is the case for any value of the background field. We will return to this point shortly after working out the other limit. We can readily rewrite the product in (3.8) in terms of e
t . This yields another representation of the partition function which is useful in studying the limit t → 0. We then get the following expansion of the partition function
Before continuing our discussion, we will make a detour and recall some basic results on the Feynman propagator of a scalar particle of mass m in d dimensions that is given by the familiar formula
and can also be rewritten as
Given the integral representation for the propagator (3.18), we can readily rewrite the expansion (3.16) as 19) where R = √ 2π 2 α ′ a R . At this point a couple of remarks are in order. (i) Such a representation makes sense only in the case of a R ≥ 0. So, we will always assume this if not stated otherwise.
(ii) In contrast with the representation in terms of open string modes (see (3.10)), the representation (3.19) includes closed string modes whose masses are not shifted.
As in the case of the representation via open string modes, a natural question to pose is whether the sum over all massive closed string modes is convergent or not. To proceed, we will use the familiar asymptotics for the propagator of a massive scalar particle
together with the asymptotics for d n that allows us to evaluate the contribution of the massive closed string modes in Eq.(3.19)
It is obvious that the sum is convergent if a R > 2, i.e. the background field must be larger than its critical value. Thus, the critical value a 0 now means convergence of not only a single contribution to the partition function by the open string tachyon but all massive closed string states 8 . It is instructive to see if Eq.(3.21) provides the same scaling behavior near the critical point as Eq.(3.13). Using the fact that in the vicinity of the critical value 1−
a simple estimation results in the desired scaling
Having related the divergence due to the massive closed string modes to the open string tachyon, it seems natural to relate the divergence due to the closed string tachyon to the massive open string modes.
As we have seen, the divergence due to the massive open string modes does not crucially depend on the value of the background field. That is also clear in terms of the closed string tachyon where it is due to the poles of the propagator. We will now use similar methods to estimate the asymptotic behavior Z 1 for large a R 9 . In this limit, the propagator of a massive mode is given by (3.20) which allows us to estimate the contribution of all massive modes except the tachyon. It is given by the lightest massive mode and therefore exhibits an exponential falling. On the other hand, the contribution of massless modes which is due to the propagator
shows a power like behavior 10 . This means that in this limit we can omit all massive modes which is the expected result. However, there is also the contribution of the closed string tachyon which makes the estimation more involved. In this case the propagator becomes divergent as it is clear from Eq.(3.17) or Eq.(3.18). So, one must somehow treat this divergency but then the final result is ambiguous, i.e., it depends on the way of treatment. We refer to the appendix for more details. Due to this, finding the asymptotics of the partition function for large a R is problematic. Moreover, it also becomes difficult to extract the real part of Z 1 . Indeed, there are two contributions to ℜZ 1 : The first one comes from the open string tachyon or, equivalently, from massive closed string modes if a R < a 0 . It can be readily found from Eq.(3.13). Explicitly,
where H(x) is the Heaviside step function. The second comes from massive open string modes, or equivalently, from the closed string tachyon propagator. So, from (3.19) we have
We will return to the ambiguities by a discussion of physics in the next section.
Some Computations for NSR String
We will now use similar methods to compute the partition functions for the open NSR string in the presence of a constant tachyon background. Since the generalization of the results of section 3.1 is rather straightforward, we omit some technical details.
Computations Using Annulus
Let us first recall the computation within the open NSR string on the disk. So, we add the boundary interaction
to the standard worldsheet action. As in the bosonic case, we consider a constant background field T = a.
In computing the partition function on the disk, the only novelty compared to the bosonic computation is that the renormalized coupling is now defined as a R = √ ra. This leads to a partition function
R that together with the definition (1.2) provides the same potential as in (2.10) after the identification a R = T c . Note that the R sector gives no net contribution to Z disk 0 .
Having computed the partition function on the disk, we now want to consider the partition function on the annulus. We proceed in the same way as in the bosonic case namely, we introduce two backgrounds
and restrict ourselves to constant backgrounds: T in = a in R and T out = a out R . We define renormalized couplings: a in R = √ ra in and a out R = √ ra out .
10 Note that the two cases d = 0 and d = 2 deserve a special consideration. We will discuss this issue in section 4.
In the case of constant backgrounds the computation of the partition function is a simple task. We find
Note that in terms of the closed string modes, the partition function is expressed only via the NS-NS states. This sounds good because we are interested in unstable branes. Moreover, it also assumes that there is no closed string tachyon because of the corresponding cancellation between the NS and R sectors.
As in the bosonic case, it is natural to assume that a out R coincides with the background on the disk, so a out R = a R = T c . To fix the background on the inner boundary, we extract the contribution due to the open string tachyon
and use the fact that a R = T c . Thus we get for the background
Note that in order to extract the contribution due to the open string tachyon one has to consider the q → 1 limit that makes the right hand side of Eq.(3.30) positive. Finally, the partition function is given by
(3.31)
Computations Using Cylinder
Having computed the partition function on the annulus, let us see what happens on the cylinder. To this end, we start with the open NSR string on the strip and add the boundary interaction
In computing the partition function on the strip, the only novelty compared to the bosonic computation is again that the renormalized coupling is now defined as a R = √ ra. This leads to a partition function Z 0 = e −a 2 R that together with the definition (1.2) provides the same potential as in (2.10) after the identification a R = T c .
Let us now consider the partition function on a finite strip, the cylinder. Evaluating the path integral, we find
where f N S and f R come from the NS and R sectors, respectively. These have the product representations:
.
As a consistency check, we again extract from Z 1 (a R ) the contribution due to the open string tachyon
A comparison with the field theory result of section 2 gives a R = T c . We have found the same relation between the renormalized value of the tachyon background and the classical field as at the tree level that is of course the desired result. Moreover, a simple algebra shows that the expressions for the partition function on the cylinder and annulus coincide. This is again the desired result. Note that we have not used the conformal map for mapping the annulus into the cylinder from the beginning. The reason for doing so is that we do not know the transformation law for the background fields.
As in the bosonic case, the partition function can be rewritten as a sum of the point-particle free energies (in the Coleman-Weinberg representation). It is natural to treat the leading term as the tachyon contribution and compare it with the field theory result.
Partition Function Analysis
Having computed the partition function in terms of a loop of open string modes, one can formally analyze it by expanding the products in e −πt . This yields
In the limit t → ∞ a possible divergence can come only from the leading term if the absolute value of the background is less than its critical value a 0 = 1. As in the bosonic case, one can use the analytic continuation to fix the problem. To be more precise,
where ν = 0 if |a R | > a 0 and ν = ±1 if |a R | < a 0 . Now, we come to the question of whether the series over all open string massive modes is convergent or not. Unlike the bosonic case, here the sum is alternating, so there is a chance to get a finite result. We will not directly examine this problem but use our experience with the bosonic case where the divergency has been attributed to the closed string tachyon mode. Since there is no tachyon among the NS-NS states, we claim that the sum is convergent.
We can readily rewrite the products in (3.33) in terms of e 
As in section 3.1, the fact that the Feynman propagator of a scalar particle of mass m in d dimensions has the integral representation (3.18) allows us to rewrite this expansion as
where R = √ 2π 2 α ′ |a R |. Note that in (3.38) the closed string modes appear with the same masses as in the case a R = 0. Now let us check whether the sum over all massive closed string modes is convergent or not. To do so, we proceed in precisely the same way as in section 3.1. Using the asymptotics of the propagator (3.20), we get
where c n is defined as the coefficient of q n in ∞ n=1
. A similar technique as it is used to estimate d n for large n can be used to get the asymptotics for c n . The result is simply [19] c n ∼ n Comparing the exponent to that of (3.39), we see that the sum over massive modes is convergent if |a R | > 1. In other words, the absolute value of the background field must be larger than its critical value a 0 we have found by studying the contribution to the partition function of the open string tachyon. It should be also noted that a simple check shows that Eq.(3.39) leads to the same scaling behavior near the critical point as Eq.(3.36) does.
It is interesting to consider the large a R limit again. Since there is no closed string tachyon, the asymptotic of the partition function is due to the massless NS-NS modes. Explicitly,
Note that the right hand side of (3.41) is singular in the two cases d = 8 and d = 10. We postpone discussion of this complication until section 4. It is of some interest to determine the real part of Z 1 which appears if the absolute value of the background field is less than the critical one. For doing so, we use the representation of the partition function as a loop of open string modes. From (3.36) we get
To summarize, we have computed the partition functions by evaluating the corresponding path integrals. It turns out that the results admit the representation as a sum of the point-particle free energies (in the Coleman-Weinberg representation) over the open string spectrum but with the shifted masses of the particles. This allows us to compare the tachyon contribution with the corresponding field theory result 11 . Moreover, the partition functions are easily rewritten via closed string modes with the standard masses. This reveals the transverse directions to the brane and looks like closed string modes appearing from one brane, propagating a distance R, and then disappearing on the other brane. In other words, the description in terms of closed strings assumes that the original brane splits into two parallel branes separated by a distance depending on the vev of the open string tachyon. Note that the expressions for the partition functions are similar to those for the partition functions of open strings stretched between two parallel branes (see, e.g., [17] ). However, our situation is absolutely different as we are interested in the partition functions of open string modes on a single brane but in the presence of a constant tachyon background. Thus, it is a priori unclear why in this case closed strings "see" the background in such a way.
Attempt of Synthesis
By now we have considered the one-loop corrections to the tree level potentials as they follow from some field theory models and the partition functions of open strings in the presence of a constant tachyon background. The remaining question is how to properly combine them in order to find the one-loop corrections to the tachyon potentials.
Effective Potential at One Loop
As we have already mentioned, in the case of a constant tachyon background the partition functions can be rewritten as the sums of the point-particle contributions over the open string spectrum. It follows from this fact that we already have the desired correspondence with the field theory results on the level of the partition functions. Thus it seems natural, modulo terms due to a normalization and renormalization conditions (see (2.2)), to identify the one-loop correction to the effective tachyon potential with the open string partition function in both cases, the bosonic and supersymmetric ones. Explicitly,
This also means the identification of the renormalized background field a R in Z 1 with the classical field T c . A natural question to pose at this point is whether there are other indications in favor of this identification. This time we have one which is as follows. An interesting point of view on the formulae (1.1) and (1.2) proposed in [9] is to relate them with a possible way of subtraction of the Möbius infinities from the disk partition functions. Indeed, it is well known that the Möbius group volume is linearly divergent in the bosonic case while it is finite in the supersymmetric case [21] . It is easy to see that the definition (1.1) leads exactly to the cancellation of the divergency. As there is no need to deal with the divergency in the supersymmetric case, it now seems natural to identify the partition function with the effective action as in (1.2). Having the scenario for the disk, it is a simple matter to generalize it for all higher genera. Since in this case there is no Möbius invariance 12 , there is no need to deal with the Möbius infinities and, as a consequence, one can simply identify the corresponding correction to the action with the partition function, namely
From this point of view, Eq.(4.1) is a special case of this relation. Note that for n = 1 this relation has already been suggested in the literature as a possible ansatz for finding the one-loop effective actions via the corresponding open string partition functions [12, 13] . Moreover, in the context of the effective action for massless modes it was proposed in [22] . Having combined the worldsheet constructions with the field theory results, we have the expressions for the one-loop corrections to the effective potentials. So, it is time to consider them in more detail. To proceed, we will specialize first to the case of the NSR string as it turns out to be simpler than the case of the bosonic string.
The Supersymmetric Case
As we have seen, the partition function has a real part if the absolute value of the background field is less than its critical value. As a result, this will cause the one-loop correction to the potential to be complex for this range. This difficulty is due to the open string tachyon, or equivalently closed massive modes. It is advantageous to analyze it in terms of the open string tachyon as it allows us to use the well developed machinery for analyzing perturbative instabilities in field theories with nonconvex potentials (see, e.g., [23] ). Thus, a physically meaningful quantity to compute in this range is the decay rate per unit volume of an initial unstable state. Formally, in terms of the imaginary part of V 1−loop it is given by
Since this quantity must be positive, this requirement fixes the sign in our formula (3.36) for the analytic continuation. Then from (3.42) together with (4.1) it follows that
On the other hand, for |T c | > 1 there is no problem with the imaginary part. This allows us to write down the one-loop correction to the tachyon potential
At this point, let us make a remark. From our discussion in section 3 it follows that V 1−loop is finite, so V 1−loop (∞) = 0. Thus, the use of m 2 0 = ∞ in Eq.(2.2) or T c = ∞ as a normalization of V 1−loop does not lead to a modification of our results. To be precise, this is the case for d < 8. We will return to this point shortly.
It is of some interest for what follows to look at the one-loop correction in the limit of large T c . Using the results for the asymptotical behavior of the corresponding partition functions, we immediately get from relation (4.1)
A special consideration is needed for d ≥ 8 where the argument in the Γ-function becomes nonpositive. It might lead to divergencies as the Γ-function has poles. In fact, there is no problem for d = 9, as in this case we can use the familiar analytic continuation for the Γ-function. As a result, we end up with π √ 2 4π
However, this procedure does not work for d = 8, 10. The problem is that the propagators of massless particles are ill-defined in the corresponding codimensions (2 and 0). First, let us consider the case d = 8. As is known, one way to define the propagator of a massless scalar particle in two dimensions is to introduce a long-distance cutoff (scale). Then the propagator takes the form ln R/L. Note that a constant part can be fixed by a proper normalization at R = L. Keeping this in mind, we proceed in the following way. We use dimensional regularization for expression (4.6)
However, to emphasize the physical role of the cutoff, we exchange 1/ǫ for ln T n and fix a constant part by a normalization at T c = T n . Then this expression takes the form
Although for d = 10 there is no direct analogy with field theory (this is the case of a spacefilling brane, so the corresponding codimension is zero), the preceding computation formally generalizes without difficulty to this case. The result is given by
At this point, there is a subtle issue to discuss. We can evaluate the propagators by cutting off the upper limit of integration in expression (3.18) for m 2 = 0. In particular, a simple algebra shows that in the case of a spacefilling brane the corresponding integral is
Here we restrict ourselves to the leading asymptotics in L. In fact, the power like divergency is well-known in string theory without tachyon background (R = 0). It is removable by the Fischler-Susskind mechanism [24] which assumes that L is identified with the worldsheet cutoff ln µ. This just provides a correction to the worldsheet beta functions. For R > 0, the situation is quite different. As we have seen, it is possible to avoid power-like divergencies by using dimensional regularization. However, the novelty now is the appearance of logarithms. Note that a naive attempt to apply the Fischler-Susskind mechanism to the logarithms runs into trouble because it would lead to worldsheet divergencies like ln ln µ 13 . To interpret these logarithms, let us look at the representation of the partition function via open string states. It looks like a sum of the point-particle free energies written in the Coleman-Weinberg form (see, e.g., (3.10)). For large values of T c , the integrals are generically divergent at the lower limit that corresponds to short-distance divergencies. The use of dimensional regularization (see, e.g., (3.13)) shows a pole 1/ǫ for even d which can be exchanged for a logarithm. Note that this is the ultraviolet divergency of the theory on a brane. To get the representation via closed string states, we changed variables as l → 1/l. It is clear that it results in the logarithmic divergencies at the upper limit of integration. But this is exactly what we found in the closed string channel. Moreover, we found that closed string states propagate in the transverse directions to the brane i.e., in the bulk. Thus the moral of this story in fact is known: the UV/IR correspondence. Note that the real situation is more subtle than what we sketched above. Indeed, the logarithms appear only for codimensions 0 and 2 while the Coleman-Weinberg formula (see (3.13)) assumes their appearance for any even dimension. An answer to this is the cancellation between contributions of different open string states. It is clear that further work is needed to make this more rigorous.
As we have already mentioned, the relation (4.1) is defined modulo a normalization and renormalization conditions (see (2.2) ). From our analysis of the partition functions it follows that the refinement is needed only for d ≥ 8. We propose to normalize the corrections for these cases at some large T c = T n . As a result, the one-loop corrections at large T c are given by
The main conclusion we can draw from the large T c behavior of the one-loop corrections is that except for a special case at d = 10 they are not falling at infinity. This will have a strong impact on our discussion of tachyon condensation. 13 Another problem with the Fischler-Susskind mechanism in the case of a nonzero tachyon background was noticed by Craps, Kraus, and Larsen [12] . They found a singularity that can not be interpreted as being due to closed string modes exchange. We have no such problem as in our case the factorization in terms of closed string modes is manifest (see (3.19) and (3.38) ). Now we have all at our disposal to see how the one-loop approximation to the tachyon potential looks like. A typical picture is that of figure 1 14 . There are two different scenarios that crucially dependent on the string coupling constant near the perturbative vacuum (T c = 0): I. The strong coupling regime (λ e ∼ 1) appears before T c becomes large. This means that we gain nothing essentially new by the one-loop corrections as the system rolls down into the strong coupling regime as it also does in the tree level approximation. II. The strong coupling regime appears at a very large value of T c , where our approximation for the propagator (3.20) is valid 15 . In this case, a new minimum T * appears at a finite value of the tachyon field 16 . So the one-loop corrections become relevant and, as a result, the system does not roll down into the strong coupling regime as the tachyon condenses. This means that the phenomenon of tachyon condensation can be described in this case by weakly coupled theory. 
The Bosonic Case
The situation in the bosonic case is much more involved. Indeed, as we have seen in section 3.1, there are two contributions to Z 1 (see (3.24) and (3.25) ) that become relevant in studying the imaginary part of the one-loop potential. Following our experience with the supersymmetric case, we can easily elaborate the contribution due to the open string tachyon. Thus, we interpret it again as the perturbative field theoretical instability and its contribution to the decay rate per unit volume of an initial unstable state is simply
that is in agreement with the results that are already avaliable in the literature for the case of T c = 0 (see [12] ). However, the other contribution to the imaginary part of the one-loop correction makes the situation more involved. Remind that it can not be interpreted in terms of the open string tachyon, as it comes from open string massive modes or, equivalently, the closed string tachyon. In practice, the last turns out to be more useful. Formally, we have
that as it follows from (A.3) in the limit of large T c reduces to
A naive attempt to make use of the above formula for analyzing a possible instability at T c = ∞ fails. Indeed, as in the supersymmetric case, we can consider two scenarios. The point is that for both of them T c = ∞ belongs to the strong coupling regime, so this is outside the reach of our approach. Anyway, we have found that in the problem of tachyon condensation, there is the instability due to the closed string tachyon. The physical meaning of this effect should be further clarified.
Note also that there was a speculation with weak evidence for it in the literature [8] that interprets the instability of the vacuum T c = ∞ as the closed string tachyon instability which leads to the true vacuum at T c = −∞. We will return to this issue in section 5.
Dynamics of Tachyon Condensation
Given what was said in the previous sections, the interpretation of the dynamics of tachyon condensation in terms of closed strings is clear. Indeed, initially a D-brane is at the open string perturbative vacuum T c = 0, i.e. at a local maximum of the potential. Then as the tachyon is rolling down, the brane is getting split into two branes with a distance in between depending on T c , as shown on figure 2. The further behavior depends on details: in the bosonic case, there is the instability due to the closed string tachyon and the development of this instability is not clear yet; in the supersymmetric case, the further behavior crucially depends on the chosen scenario. For scenario I, the branes enter the strong coupling regime where our tools become inappropriate to explore the details of the process of condensation. For scenario II, the branes are getting stabilized at some distance as the potential develops the new minimum at T * .
It is of some interest to notice that there is an analogy with field theory models that undergo spontaneous symmetry breaking [25] that helps to realize the brane dynamics of figure 2 at the beginning of the decay. Indeed, given an effective potential, for example V ef f ∼ T 2 − T 2 * 2 , one can study the dynamics of spontaneous symmetry breaking by setting an initial narrow distribution of the scalar field at the maximum of the potential (T = 0). Then, by quantum fluctuations it spreads out and shows two maxima. To reveal such a picture in the problem of interest, let us recall two key facts we have already seen. The first is that in terms of closed strings T c transforms into a transverse direction to a brane. It is the reason why we have drawn a part of the profile of the potential in figure 2 . The second is that a brane itself can be considered as a lump solution of the higher dimensional worldvolume theory that allows one to say that this solution plays a role of the initial distribution in field theory. Finally, let us note that such a description of the decay shows that these lumps interact by the closed string exchanges.
Concluding Comments
What we have learned is the one-loop approximation to the tachyon potentials. We did so by the worldsheet methods. The key fact to stress at this point is that the tachyon backgrounds we have considered are not due to conformal primary fields. This might seem like a problem as it would lead to an ambiguity. To fix this problem, we have used the correspondence with field theory. In the bosonic case, our analysis has also revealed the instability of D-branes due to the closed string tachyon. Moreover, it allowed us to see the dynamics of tachyon condensation in terms of closed strings that is similar to the dynamics of spontaneous symmetry breaking in field theory.
There are many issues that deserve to be further clarified. Let us mention some of them that are seemed the most important to us.
The first is the physical meaning of the instability of bosonic D-branes due to the closed string tachyon. A proposal of [8] that relates it to the tunneling through the potential barrier from T c = ∞ to T c = −∞ seems inappropriate in our case. Indeed, the tunneling results in the nonperturbative instability that behaves like exp −1/λ e . Clearly, we do not have such a behavior as we have found the closed string tachyon instability which is perturbative. Rather, this instability can be attributed to a peculiarity of euclidean field theory with the tachyonic particle.
The second issue is how to incorporate D-instantons. It is obvious that the field theory analysis of section 2 does not help in doing so because d = 0 for this case. In fact, the problem is deeper: Even at the tree level the worldsheet methods, e.g. BIOSFT, have turned out to be useful to check some of the Sen conjectures about tachyon condensation. But they have stumbled on D-instantons as it is unclear how to proceed further namely, how to get the closed string perturbative vacuum without any brane excitations. It seems that at this point the worldsheet methods should be revised as the appearance of D-instantons usually requires a modified construction of string perturbation theory (see, e.g., [26] ). Note also that a formal substitution d = 0 into formulae of section 4, e.g. Eq.(4.1), is not legitimate as our analysis is based on the use of the euclidean metric for the transverse directions to branes rather than the Minkowski metric. This is another subtlety we face with D-instantons.
As we have seen, the definition of the one-loop correction V 1−loop to the tachyon potential through the open string partition function Z 1 (see (4.1)) results in a potential which is complex for some range of T c . It is known that in this case the physically meaningful quantity to compute is the decay rate per unit volume which is defined in terms of the imaginary part of V 1−loop . It was suggested in [23] that in field theory models the real part of the potential can, nevertheless, be interpreted as the energy density. This assumes the use of an analytic continuation of V 1−loop to dangerous regions. It is clear that an attempt to do so in the case of the bosonic string fails as there is no region where V 1−loop is real. In the supersymmetric case the situation is better since the one-loop correction is real for |T c | ≥ 1. So, it might be possible to define the energy density for |T c | < 1 as well. As an example, let us briefly illustrate this for odd d. The results of sections 3 and 4 yield
where b n is defined as the coefficient of q n in ∞ n=1
1−q 2n−1 1−q 2n
8 . As we have noticed in section 3, the sum is convergent, so the only problem is that it becomes complex valued for |T c | < 1 due to the contribution from the open string tachyon. We use the analytic continuation (see (3.36) ) to obtain the one-loop correction for this region
2)
It is interesting to note that our result simply assumes dropping the contribution of the tachyon. Moreover, the tree level vacuum T c = 0 remains the extremum at the one-loop level too 17 . The latter is also clear by applying a general argument: Since V 1−loop is an even function of T c , its derivative is odd. The case of even d is more delicate as it requires the treatment of the divergencies. However, if the symmetry T c → −T c is preserved then the above argument also holds. The case of a spacefilling brane is quite intricate. Indeed, in this case our interpretation of a brane decay as the splitting of the original brane into two parallel branes becomes problematic. Moreover, the logarithmic divergency obviously deserves the better understanding.
Finally, the analogy of field theory models with spontaneous symmetry breaking deserves to be studied further. Let us note at this point that the idea to use a Higgs like mechanism within the process of tachyon condensation has been already proposed in the literature [27] . However, our discussion of it is quite different. Let us also note at this point that there is no ambiguity for a real mass m because in this case the poles lie on the imaginary axis. Moreover, the closing of the contour at infinity picks up a contribution only from one pole. To see ambiguity for generic d, we note that in our special frame the propagator admits the following representation
where p 2 ⊥ = p 2 2 + · · · + p 2 d . Together with (A.1), this implies that the propagator is ambiguous. In fact, only C ± are relevant for our discussion of the bosonic partition function. Indeed, the closed string tachyon contribution to the partition function (3.19) can be obtained modulo a numerical coefficient from the contribution of the lightest massive states by m → ±im. This is equivalent to the use of C ± for the propagator because only in this case one pole contributes. In particular, the imaginary part of the propagator behaves at large R as as it follows from Eq.(3.20) after the continuation to an imaginary mass.
